Abstract. Three variants of R-weakly commuting mappings in the realm of uniform spaces are defined. Examples are included to reflect upon the distinctiveness of the notions so defined. Common fixed point theorems concerning these variants of R-weakly commuting mappings in the framework of uniform spaces are obtained. This generalizes several known results in the literature including those of Granas and Dugundji [3], Tarafdar [12] and others. Moreover, as a bi-product we obtain several common fixed point theorems which are well in contrast with a common fixed point theorem of Jungck [4] who proved the same for commuting mappings.
Introduction
Study of fixed point theorems in uniform spaces is of fairly recent vintage and is an active and fruitful area of research. Many authors have obtained useful results in this direction including Tarafdar [12] , Acharya [1] , Rhoades [10] , Tarafdar, Singh and Watson [13] , Türkoǧlu et al. (see [14] , [15] , [16] , [17] , [18] , [19] ), and others.
In 1994, R. P. Pant [8] introduced the notion of R-weak commutativity of mappings in metric spaces and proved common fixed point theorems concerning them. Subsequently, in 1997 Pathak et al. [9] defined two variants of R-weak commutativity, called R-weakly commuting mappings of type (A f ) and of type (A g ), respectively and obtained certain common fixed point theorems concerning them in metric spaces. Recently, Kohli, Aggarwal and Kumar [6] extended the notion of R-weak commutativity of mappings to the framework of uniform spaces and proved common fixed point theorems concerning them in the realm of uniform spaces. In this paper we formulate three variants of R-weak commutativity in the realm of uniform spaces and use the same to prove common fixed point theorems for pair of mappings in uniform spaces. Examples are included to reflect upon the distinctiveness of the type of mappings so defined. Our results open up a wider scope for the study of common fixed point theorems in uniform spaces and generalize several known results in metric fixed point theory including those of Granas and Dugundji [3] , Tarafdar [12] and others. Furthermore, in analogy with a fixed point theorem of Jungck [4] for commuting mappings, we derive three fixed point results as corollaries of our main results.
Preliminaries and Basic Definitions
A completely regular space (X, τ ) is said to be topologically complete if there exists a compatible uniformity U on X such that (X, U ) is complete. A uniformity U on X is said to be compatible if uniform topology corresponding to U is identical with τ . Further if U and V are compatible uniformities on X such that U ⊂ V and (X, U ) is complete, then (Y, V) is also complete. Moreover, if we have a collection of compatible uniformities, then the supremum uniformity is also compatible (see [7, p. 314] ). Thus a completely regular space (X, τ ) is topologically complete, if and only if it is complete relative to the largest compatible uniformity W on X. The largest compatible uniformity W on X is called the Weil uniformity or the fine uniformity on X.
Let X be a completely regular space and let U be a compatible uniformity on X, the uniform topology induced by U will be denoted by τ U . A family {p α : α ∈ Ω} of pseudometrics on X is called an associated family for the uniformity U on X if the family {H α,η : α ∈ Ω, η > 0}, where H α,η = {(x, y) : p α (x, y) < η} is a subbase for U . A family {p α : α ∈ Ω} of pseudometrics on X is called an augmented associated family for U if {p α : α ∈ Ω} is an associated family for U and has the additional property that, given
An associated family and an augmented associated family for U will be denoted by A(U ) and A * (U ), respectively. It is well known that if (X, U ) is a uniform space and A * (U ) = {p α : α ∈ Ω}, then the collection {H α,η : α ∈ Ω, η > 0} is a base for X. Further, it is well known that for each uniformity U on X, there exists a family {p α : α ∈ Ω} of pseudometrics on X that determines the uniformity U on X (see [12] ).
Throughout the paper (X, U ) will denote a uniform space and A * (U ) = {p α : α ∈ Ω} will denote an augmented associated family of pseudometrics on X, and I will denote the identity mapping defined on X.
Definition 2.1.
[2] Let (X, U ) be a uniform space and let V be a member of uniformity U . A subset A of X is said to be V -small if every pair of points of A are V -close (in other words, if A × A ⊂ V ).
A filter F on a uniform space (X, U ) is called a Cauchy filter if for each member V of the uniformity U , there is F ∈ F , which is V -small, that is F × F ⊂ V . Definition 2.3. [12] A self mapping f defined on X is called a contraction on X if for each α ∈ Ω, there exists a real number m(α) with
Definitions 2.4. Let f and g be self mappings defined on a Hausdorff uniform space (X, U ). Let A * (U ) = {p α : α ∈ Ω} be an augmented associated family of pseudometrics for U . Then f and g are said to be
The following examples reflect upon the distinctiveness of the type of mappings defined in Definitions 2.4.
Example 2.5. Let X = R and let p 1 be defined by p 1 (x, y) = |x − y| for all x, y ∈ X. Let f and g be the mappings defined on X by f x = 2x − 1 and gx = x 2 , respectively. Then f f x = 4x−3, f gx = 2x 2 −1, gf x = 4x 2 −4x+1 and ggx = x 4 . So p 1 (f f x, gf x) = 4(x−1) 2 and p 1 (f x, gx) = (x−1) 2 . Hence for R = 5, p 1 (f f x, gf x) ≤ Rp 1 (f x, gx) for all x ∈ X. Therefore, f and g are R-weakly commuting mappings of type (A g ). Now, further f and g are not R-weakly commuting mappings neither of type (A f ) nor of type (A f g ) at x = 4 and x = 2, respectively since
Example 2.6. Let X be the same as in Example 2.5. Let f and g be defined by f x = 2x − 1 and gx = x 2 respectively. Then f f x = 4x − 3,
Hence for R = 1, p 1 (f gx, ggx) ≤ Rp 1 (f x, gx) for all x ∈ X. So f and g are R-weakly commuting mappings of type (A f ). Further, it is easily verified that f and g are R-weakly commuting mappings neither of type (A g ), nor of type (A f g ) at x = 4 and x = 2, respectively.
Example 2.7. Let X = R−] − 2, 2[. Define two self mappings f and g on X by f x = 2x − 1 and gx = 1 − 2x respectively. Then f f x = 4x − 3, ggx = 4x − 1, f gx = −4x + 1 and gf x = 3 − 4x. So p 1 (f f x, ggx) = 2 and p 1 (f x, gx) = 2|2x − 1|. Thus, for R = 1, p 1 (f f x, ggx) ≤ Rp 1 (f x, gx) for all x ∈ X. So f and g are R-weakly commuting mappings of type (A f g ). Further, it can be easily verified that f and g are R-weakly commuting mappings neither of type (A g ) nor of type (A f ) at x = 2.
Example 2.8. Let X = [1, ∞[. Define two self mappings f and g on X by f x = 3x + 1 and gx = 2x + 1 respectively. Then f f x = 9x + 4, ggx = 4x + 3, f gx = 6x + 4 and gf x = 6x + 3. So p 1 (f f x, gf x) = 3x + 1, p 1 (f gx, ggx) = 2x + 1, p 1 (f f x, ggx) = 5x + 1 and p 1 (f x, gx) = x. Thus for R = 6,
for all x ∈ X. So f and g are R-weakly commuting mappings of type (A g ), as well as of type (A f ), and of type (A f g ).
Example 2.9. Let X = [0, ∞[ and f and g be the same as in Example 2.8. Then it is easily verified that f and g are R-weakly commuting mappings neither of type (A g ), nor of type (A f ), nor of type (A f g ).
Example 2.10. Let X be the same as in Example 2.8. Let f and g be defined by f x = 4x + 7 and gx = 3x + 1 respectively. Then, for R = 3, it is easily verified that f and g are R-weakly commuting mappings of type (A g ) and of type (A f ) but not of type (A f g ) at x = 1.
Throughout the paper N will denote the set of positive integers.
Common Fixed Point Theorems
Theorem 3.1. Let (X, τ ) be a topologically complete Tychonoff space. Let U be the largest compatible complete uniformity on X. Let f and g be R-weakly commuting self mappings of type (A f ) defined on X such that for each α ∈ Ω there exists a real number r(α), 0 < r(α) < 1 such that
If f (X) ⊂ g(X) and if either of the mappings f or g is continuous, then the mappings f and g have a unique common fixed point in X.
Proof. Let x 0 ∈ X be an arbitrary point. Since f (X) ⊂ g(X), there exists a point x 1 ∈ X such that f x 0 = gx 1 . Again, for this point x 1 , there exists a point x 2 ∈ X such that f x 1 = gx 2 . Continuing in this manner, we obtain a sequence {y n } in X such that y n = f x n = gx n+1 , n = 0, 1, 2, . . .. We claim that {f x n } is a p α -Cauchy sequence in X for each α ∈ Ω. Let ε > 0 be given and let α ∈ Ω. Two cases arise:
So it follows that p α (f x n , f x n+1 ) = 0 for all n ∈ N. Thus {f x n } is a p α -Cauchy sequence.
Case II: p α (f x 0 , f x 1 ) = 0.
Thus in view of (3.1), we have
Therefore for n ≥ n 0 , p ∈ N,
Hence, {f x n } is a p α -Cauchy sequence for each α ∈ Ω. For each m ∈ N, let S m = {f x n : n ≥ m} and β = {S m : m = 1, 2, . . .}. Then β is a filter base on X. Now, since {f x n } is a p α -Cauchy sequence, it is easily verified that the filter base β is a Cauchy filter base in the uniform space (X, U ). Since (X, U ) is a complete Hausdorff uniform space, the filter base β = {S m } converges to a unique point say z ∈ X in the uniform topology τ U . It follows that
Case I: f is continuous. Then f f x n → f z and f gx n → f z. Since f and g are R-weakly commuting mappings of type (A f ), there exists R > 0 such that
Letting n → ∞, we obtain that p α (f z, lim
For if f z = z, in view of Hausdorffness of (X, U ), there exists α ∈ Ω such that p α (z, f z) = t > 0. In view of condition (3.1),
Thus p α (f z, gz) = 0. In view of Hausdorffness of X, f z = gz = z.
Case II: g is continuous.
In this case the proof is similar to that of Case I except for obvious modifications.
Uniqueness. Let z ′ be another common fixed point of f and g. To show that z = z ′ , we shall prove that p α (z, z ′ ) = 0 for each α ∈ Ω. For if p α (z, z ′ ) > 0 for some α ∈ Ω, then
which is absurd. So p α (z, z ′ ) = 0 for each α ∈ Ω. Now Hausdorffness of (X, U ) ensures that z = z ′ . Thus z is the unique common fixed point of f and g.
Example 3.2. Let X = 0, 1 2 be a metric space with the usual metric defined by p 1 (x, y) = |x − y|. Define two self mappings f and g on X by f x = x 3 and gx = x 2 , respectively. Then f (X) = 0, 1
Now, f gx = x 6 and ggx = x 4 . So p 1 (f gx, ggx) = x 4 |x 2 −1| and p 1 (f x, gx) = x 2 |x − 1|. Therefore, there exists R = 1 > 0 such that p 1 (f gx, ggx) ≤ Rp 1 (f x, gx). So, f and g are R-weakly commuting mappings of type (A f ).
Let r(1) = 4 5 , then 0 < r(1) < 1. Then p 1 (f x, f y) = |x 3 − y 3 | and
for all x, y ∈ X. The mappings f and g are continuous on X and 0 is the unique common fixed point in X.
Corollary 3.3. Tarafdar [12, Theorem 1.1] Let (X, U ) be a complete Hausdorff uniform space and A * (U ) = {p α : α ∈ Ω}. Let f be a contraction mapping defined on (X, U ). Then f has a unique fixed point z ∈ X such that f n (x) → z in the uniform topology τ U for each x ∈ X.
Proof. In Theorem 3.1, let g = I. Then clearly the mappings f and g = I are R-weakly commuting mappings of type (A f ) for R ≥ 1 and f (X) ⊂ g(X) = X. Now, since g = I is continuous, it follows that f and g have a unique common fixed point z ∈ X. For the proof of last assertion, we observe that the sequence {f n (x)} is a p α -Cauchy sequence for each α ∈ Ω in the complete Hausdorff uniform space (X, U ) and so f n (x) → z in the uniform topology.
The next corollary is well in contrast with a common fixed point theorem of Jungck [4] for commuting mappings.
Corollary 3.4. Let (X, d) be a complete metric space. Suppose that f and g are self mappings defined on X satisfying f g = gg and (3.5) d(f x, f y) ≤ kd(gx, gy) for some k ∈ (0, 1) .
Proof. Since f g = gg, the mappings f and g are R-weakly commuting of type (A f )(R > 0). Now take Ω to be a singleton and apply Theorem 3.1.
Theorem 3.5. Let (X, τ ) be a topologically complete Tychonoff space. Let U be the largest compatible complete uniformity on X. Let f and g be two R-weakly commuting self mappings of type (A g ) defined on X satisfying the condition that for each α ∈ Ω, there exists a real number r(α), 0 < r(α) < 1 such that (3.6) p α (f x, f y) ≤ r(α)p α (gx, gy) for all x, y ∈ X.
Proof of Theorem 3.5 is similar to that of Theorem 3.1 and hence omitted. Then (i) g is bijective.
(ii) g has a unique fixed point z and g −n (x) → z for all x ∈ X.
Proof. For (i), we observe that in view of condition (3.7), g is an injection and hence a bijection. For the proof of (ii), in Theorem 3.5 substitute Ω = {1}, p 1 = d, f = I and r(1) = 1 β . Then the mappings f and g are R-weakly commuting of type (A g ) for R ≥ 1. Again, since g is onto, f (X) = g(X) = X and the mapping f is continuous. So, the mappings f and g have a unique common fixed point z ∈ X. For the last assertion, we need only to note that in proof of Theorem 3.5, f x n = gx n+1 for each n. Since f = I, x n = gx n+1 and so g −1 x n = x n+1 . Now g −1 x 0 = x 1 and g −2 x 0 = g −1 x 1 = x 2 . By induction it follows that g −n x 0 = x n for each n. Since x n → z, so does the sequence g −n x 0 .
Our next result is an analogue of the main theorem of Jungck [4] .
